We prove that on any of a wide class of elliptic surfaces X defined over a number field k, there are points Q defined over a finite extension of k such that Q does not lie on any rational curve on X. In particular, we construct a specific example of a K3 surface X and an algebraic point P ∈ X such that no rational curve on X contains P . This answers a question posed by Bogomolov in 1981.
Introduction
In 1981, Fedor Bogomolov made the following conjecture ( [2] ): Conjecture 1.1 Let k be either a finite field or a number field. Let S be a K3 surface defined over k. Then every k-rational point on S lies on some rational curve C ⊂ S, defined over k.
In the number field case, supporting evidence for this conjecture has been less forthcoming than in the finite field case. Indeed, in [2] , Bogomolov and Tschinkel describe the conjecture as an "extremal statement" that is "still a logical possibility". The purpose of this paper is to prove that in the number field case at least, Conjecture 1.1 is no longer a logical possibility. (In the finite field case, progress has been made towards a proof of Conjecture 1.1 -in particular, in [2] , the authors prove the conjecture for Kummer surfaces defined over a finite field.)
The paper is organized into two sections. In section 2, we prove a general theorem that describes a large class of counterexamples to the conjecture (see Theorem 2.1). In section 3, we provide a specific example to show that the hypotheses of Theorem 2.1 can actually be satisfied, thereby providing a specific example (indeed, four specific examples) of an algebraic point on a K3 surface X which does not lie on any rational curve over C. This example can also be used to find infinitely many points defined over the same number field, none of which lie on a rational curve.
Main Theorem
Before we state the main theorem, we will review some elementary definitions and results about places of curves.
Let C be an irreducible curve defined over the field C of complex numbers. A place of C is a closed point of the normalizationC. A map of curves h : C 1 → C 2 is ramified at a place Q to degree d if and only if the corresponding maph :C 1 →C 2 is ramified at Q to degree d.
Assume further that C lies on a smooth surface X, and let D be a divisor on X such that C is not contained in the support of D. The intersection multiplicity of C and D at a place Q of C is ord Q (f * D), where ord Q is the discrete valuation associated to the smooth point Q onC, and f :C → C is the normalization map. Note that by Example 7.1.17 of [3] , we have the relation:
In other words, the intersection multiplicity of C and D at a point P equals the sum of the intersection multiplicities of C with D at all the places of C lying over P .
Theorem 2.1 Let π : X → P 1 be a smooth elliptic surface defined over a number field k, with a section S and at least five nodal singular fibres. Let E be the elliptic curve over k(T ) corresponding to this fibration. Assume that the primitive 2-torsion on E corresponds to an irreducible curve of positive genus on X.
Let P be an algebraic point on X, and let k(P ) be the field of definition of the point P . Let C = π −1 (π(P )) be the fibre on which P lies, and let [2] : C → C be multiplication by 2. Assume that [2] −1 (P ) is irreducible over k(P ) -that is, assume that for any two points of C satisfying Proof: Let f : X → X be the rational map corresponding to the multiplication by 2 on the elliptic curve E. Then f is well defined at every point of X except the singular points of the singular fibres of π. Let m : Y → X be a minimal resolution of f -that is, assume that Y is a minimal blowup of X with the property that f extends to a morphism m :
It is a straightforward calculation that near a point Q of X that is the node of a singular fibre of π, Y is simply the blowup of X at Q. It is also straightforward to see that m is unramified over smooth fibres of π, and that over nodal fibres of π, m is ramified (to order two) precisely along the curve ψ −1 (Q), where Q is the node. In particular, m induces anétale map of degree 4 from each smooth fibre of π to itself. Over a nodal fibre N, m induces a map of degree 2 from N to itself, ramified over the two places lying over the node Q, and m restricts to the normalization map from the curve ψ −1 (Q) to N, although -as previously noted -m is ramified to order two along ψ −1 (Q). Thus, in particular, we have the equality of divisors m * N = N + 2ψ −1 (Q). The heart of the proof lies in the following lemma: Lemma 2.3 Let C be any irreducible curve on X. If C is not a component of a singular fibre of π, then m −1 C has at least one component that is not a rational curve.
Proof: If C is not itself a rational curve, then clearly every component of m −1 C is not a rational curve. Thus, we may assume that C is a rational curve, albeit possibly a singular one. Since C is not a component of a singular fibre of π, it follows that π induces a nonconstant morphism g : C → P 1 . Let d be the degree of π| C -that is, let d = C.F , where F is the divisor class of a fibre of π. Since C is rational, Hurwitz's Theorem ( [4] , Corollary IV.2.4) implies that g has ramification degree 2d − 2. If d = 1, then C is a section of π. If C = S, then by assumption the divisor m −1 C has two components: S and the irreducible 2-torsion, which is assumed to be non-rational. If C is not equal to S, then it is a translate of S, and thus m −1 C is isomorphic to m −1 S. The lemma is therefore true for d = 1, and we henceforth assume that d ≥ 2.
We next deal with the case that m −1 C is reducible. Since m has degree four, the degrees of the components of m −1 C over C must sum to four. Since the 2-torsion of E/k(T ) is irreducible of degree 3 over P 1 , it immediately follows that there can be no more than one component of m −1 C of degree 1, and no components of degree 2. The only remaining reducible case has one component of degree 1 and one component of degree 3. The degree 1 component is clearly rational, so if the degree 3 component were also rational, then there would be nontrivial 2-torsion of E defined over a rational function field, which is impossible since the primitive 2-torsion is non-rational.
We now restrict to the case that m −1 C is irreducible. For any place Q of C, the ramification degree of g at Q is equal to the intersection multiplicity of Q with the fibre of π through Q. Over the nodal fibres of π, these intersection multiplicities sum to at least 5d, while the ramification degree of g is 2d − 2. Thus, since d ≥ 2, there are at least 8 places Q of C lying on nodal fibres of π such that g is unramified at Q.
Let Q be a place of C lying on a nodal fibre of π, and such that g is unramified at Q. The intersection multiplicity of C with the fibre at Q is one, so Q is a smooth point of the nodal fibre. This means that m −1 (Q) is a set of exactly three points of Y , exactly one of which -call it R -lies on the ramification locus of m. The point R blows down to the node T of the nodal fibre on which Q lies (that is, ψ(R) = T ), and the other two points lie on the smooth part of the fibre.
If R corresponds to more than one place of m −1 C, then m −1 C is singular at T , and thus has multiplicity at least two at T . Since the fibre is also singular at T , this means that the intersection multiplicity of the fibre with m −1 C along m −1 Q is greater than 4, which is clearly impossible. Thus, R corresponds to a single place of m −1 C. But this means that m| m −1 C : m −1 C → C is ramified at the place R. Since there are at least 8 such places, it follows from Hurwitz's Theorem that the curve m −1 C is not rational. This concludes the proof of the lemma. ♣ Now consider the set f −1 (P ) -the set of "halves" of P -and let Q ∈ f −1 (P ) be any point. By assumption the points of f −1 (P ) are Galois conjugates. Let C/k be any irreducible curve through Q (possibly singular, possibly not defined over k). Let G be the curve f (C), and let D = m −1 (G). Every point of f −1 (P ) lies on some component of D, and every component of D passes through some point of f −1 (P ). Since the points of f −1 (P ) are all Galois conjugates, it follows that the components of D are all Galois conjugates. By Lemma 2.3, at least one component of D is non-rational. It therefore follows that all the components of D are non-rational -in particular, C is not a rational curve. ♣ The hypotheses of Theorem 2.1 on the surface X are satisfied for a "generic K3 surface", and the irreducibility constraint on the point P should be commonly satisfied as well. Thus, morally speaking, it ought to be clear that there are counterexamples to Bogomolov's conjecture. The obvious problem with this argument -apart from its obvious lack of rigour -is that "generic" behaviour over C might, in principle, not be present for even a single example over Q! However, if one does find a surface X with which to satisfy Theorem 2.1, then Hilbert's Irreducibility Theorem (see, for example, [6]) implies that there are infinitely many algebraic points P on X which satisfy the remaining irreducibility hypothesis.
One can also use this construction to produce infinitely many points Q, each defined over the same number field k, with the property that none of them lie on a rational curve. For example, let P be a Q-rational point on X satisfying the hypotheses of Theorem 2.1. (Such a point is constructed in Section 3.) Let Q satisfy 2Q = P . The conjugates of Q are precisely the points R such that 2R = P , and therefore for any odd integer n, the conjugates of nQ are precisely the points R such that 2R = nP . Thus, for every odd integer n, the point nQ lies on no rational curve, and the set {nQ | n odd} is an infinite and defined over a fixed number field k (namely, the splitting field of [2] * P ).
Constructing an explicit example
In this section, we construct an explicit example of a K3 surface X and a point P on X that satisfy all the hypotheses of Theorem 2.1. This will provide a specific counterexample to Bogomolov's conjecture. Consider the elliptic curve E over Q(T ) given by the following Weierstrass equation:
and let P be the point x = T = 0, y = 2 on the corresponding minimal smooth surface X. By the classification described in [5] , section 10.2, X has K = 0, geometric genus 1, and irregularity q = 0. By [1] , Theorem VIII.2, it follows that the elliptic surface X/Q corresponding to E is birational to a K3 surface. The discriminant of E is (up to multiplication by a constant):
This polynomial is irreducible over Q (it is irreducible modulo 13, for example), and so has no multiple roots. Simple roots of the discriminant correspond to nodal fibres, so we conclude that the elliptic surface X has 24 nodal fibres.
The primitive 2-torsion of E corresponds to the roots of the polynomial This completes the verification that the surface X satisfies all the hypotheses of Theorem 2.1. All that remains is to check the point P . The point P lies on the smooth fibre T = 0, which has Weierstrass equation y 2 = x 3 − x + 4. If Q = (x, y) is a point such that 2Q = P = (0, 2), then the x-coordinate of Q satisfies the polynomial equation:
Since this polynomial is irreducible over Q (for instance, it is irreducible modulo 5), it follows that the four points Q such that 2Q = P are all Galois conjugates. Thus, by Theorem 2.1, any point Q such that 2Q = P lies on no rational curve on X.
